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CHARACTERISTICS OF IMAGES DERIVED
FROM FACTORABLE POLYNOMIALS

INTRODUCTION

In recent years image processing techniques have
been developed which use as an input the autocorrela-
tion function of an image or, equivalently, the modulus
square of the Fourier transform o¢f the image.
Fienup's1 technique is a good example of this approach.
In his technique an iteration procedure is used which
alternates between spatial and frequercy domairns,
enforcing known constraints in each domain. In the
spatial domain the constraints are non-regativity of
the image brightness values ard limited spatial extent.
In the frequency domain the constraint is that the pro-
cessed image Fourier transform must have a modulus
equal to the original modulus. This processing has had
a premising degree of success on the limited rumber of

images processed thus far.

In the absence of the ncn-regativity constraint
there are an infinite number of objects which can pro-
duce the same autocorrelation function since the phase
comporient of the Fourier transform can be varied at
will without affecting the image autoccorrelation func-

tion while affecting the image sigrificantly, usually
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creating nregative image values. The enforcement of
non-regativity of the image, however, limits the number

of images which have the same autocorrelation function.

An important question is how many non-regative
images can produce the same autocorrelation function?
There seems to be rno general theory for two dimensional
images. There has been some work dchne or specialized
two dimensional images. Friedz, following the work of
Bruck and Sodin3, has developed a method for develcping
specialized two dimensional images which have a high
degree of ambiguity ir the sense that a large number of
images can produce the same autocorrelation functior
ard satisfy the non-regative constraint. Theser are
images derived from completely factorable polynomial
functions. Left unanswered in Fried's work was the
question of whether such specialized images are of any
interest. Are they similar to real world images of
interest and are the ambiguous images different from
each other in an inrteresting way? This report

addresses these questions.
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REVIEW OF THEORY

Let qu represent the brightness value of an image

in p, g9 coordinates. We define a polynomial function
f(u,v) as
f(u,v) = 5 A__uPvd. (1)
Pq jofe|

If the pclynomial has the characteristics of being com-
pletely factorable, then f(u,v) can also be written as

£lu,v) =TT (u + a.)(v + by). (2)
r,s

In Fried's and Bruck and Sodin's work the form used was
(u - ar).‘ The change of sigr here is for bookkeeping

convenierce in computer programs.

The general image Ap,q will not have the charac-
teristic of being completely factorable. We are deal-
ing here with special cases. Assuming the 1image is
completely factorable then Equations (1) and (2) can be
equated.

s A, uPvd =T (u s+ a)(v + b). (3)
pq P9 r,s r S

Given the set of (a. b,) the image values qu are found
?

by multiplying the factors on the right hand side of

Eq.3, ard equating the coefficients of like powers of u

and v. For example let the factorable polynomials be

flu,v) = (u +1)(u + 3)(v + 2)(v + 4)




T s

= 24 + 32u + 8ul

+ 18v + 24uv «+ 6u2v

2

+ 3v° 4+ buv? + vey2- (4)

The resulting brightness values of the image Ap are:

q
p—>
Uo U1 U2
vO | 24 | 32 8
qv 1
v 18 24 6
ve 3 4 | 1

To ensure non-negativity of the image the roots
a. bs must be positive reals, or, if complex, occur in
?
complex conjugate pairs with positive real components.

Fried has shown that the autocorrelation function
of an image which 1is completely factorable is not
unique, i.e., there are many non-negative images, all
completely factorable, which produce the same auto-
correlation function. These images are found by

replacing any combination of +the roots by their

-1,

reciprocals, aL.

b;1. For example, for the factors (u
+ a1)(v + b1) the complete set of images would be gen-

erated by

(u + a1)(v + b1)
~1

(u + a1 Y(v + b1)

(u + a1)(v + b;1)

(u+ajhv + b7h).

t
. it et i
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For a polynomial of R u factors and S v factors an
image of dimensions (R + 1) by ( S + 1) results. By
flipping the roots ZS*T images can be generated, all
having the same autocorrelation function. One of these
is the original, the other its 1800 rotation so that

23+T _ o - 2S+T-1 ambiguous images can be formed.

It should be noted that the image developed from
this method are very constrained in terms of degrees of
freedom. The images are really the product of two one
dimensional images, each extended in a directior
orthogonal to its variable. Let f(p) be the one dimer-
sional image obtained from the expansion of the u roots
and f(q) the one dimensional image obtained from the
expansion of the v roots. the two dimensional image

f(p,q) is then

f(p,q) = f(p) f(q). (6)




-
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PRELIMINARY IMAGES

A program was written by B. Fahy of the visibility
laboratory which allows specification of the u and v
factors or roots, which roots are to be flipped, and
computes the resulting image, normalized s¢ that the
maximum value is 10,000. Results are shown in Tables i
to 25 for a variety of root distributions. In all
cases the image brightness values decreése monotori-
cally from the maximum value. As the roots ircrease ir
value from unity the images become smaller, that is,
fall off more rapidly. They also shift towards an edge
and become more asymmetrical. Flipping half of the

roots changes the location and the symmetry. 1In gen-

eral the images produced are uninterestirg.




FACTORS AS POINT SPREAD FUNCTIONS

The process of multiplying a polynomial, whose
coefficients represent ar image, by a factor (u + ar)
is equivalent to convolving that image with a pair of

delta functions. For example the polyrnomial
£ _q(u) = A + A Aoul + - A un! (7)
n-1 = ) + 1U + 2U \

when multiplied by ( u + a, ) will consist of two com-
porents. The first will be the original polynomial
with each coefficient multiplied by a.. The second
component will be the original polynomial with the
power of each variable 1increased by one, which
corresponds to a right shift of the image associated
with the polynomial coefficients. In terms of the
image we have corvolved the original image with pair of
delta functions, one at the origir with a weighting cof
3, and the other shifted to the right by one pixel,

with a weighting of unity,

If the polynomial is multiplied by (u6

+ a,) where
& is an integer, the effect on the one-dimensional
image associated with the polynomial is to convolve it
with a pair of delta functions, now separated by 8§ pix-
els. This allows more interesting images to be con-
structed, that 1is, images with more structure. In

addition, the ambiguous images can be sigrificantly

different from one ancther. This is illustrated in




Fig.1 which is a graph of two one-dimensional funci-
tons. The change in going from ore image to the other

was caused by the flipping of one root.

The convolution concept leads to a less con-
strained method of generating ambiguous images. It
will row be shown that any arbitrary oune-dimersionral
function can be used to produce a pair of ambiguous
images by convolving the image with a pair of delta
functions. The initial function does not need to be a

factorable function.

Let f(p) be a general ore dimersional real func-
tion. Convolving f(p) with the delta function pair
produces a new function g(p), which is the original

function weighted by (a) plus the original function

shifted by §.
g(p) = a f(p) + f(p-6) (8)

The autocorrelation function of g(p), C(i), is

Sg(p) glp-i)
C(i) = & 5 (9)
2elp)

We substitute Eq.(8) into Eq.(9) ard use the relaticn-

ship of

sf(p)f(p-i) = 3f(p-8)f(p-6-i)
P

to obtain
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C(i) =

(14a2)3f(p) F(p~1) + aS[f(p-8)f(p-1) + £(p)f(p-6-1)]
12 (1

(1+a2) zrz(p) + 2azf(p)f(p~8)

If we multiply top and bottom of Eq(11) by 1/a2, which
leaves C(i) unchanged, the resultirg equation is ident-
ical to that obtained by replacing a by 1/a. In other
words convolving the function f(p) with the two point

spread functions

produces images with the same autocorrelation function.

Again f(p) can be any function, it need not be derived

from a factorable polynomial.
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Figure 2 shows a more complex set of ambiguous
images. The starting image was an array of seven dots,
arranged in the pattern found on a domino. The factor,
i.e., the horizontal shifts and weightings used to gen-
erate the ambiguous images are shown on the figure.
The four images have identical autocorrelation func-
tions. This was verified computationally. The four
images have the same basic structure in terms of
numbers and locations of dots but the relative bright-
ness of the dots are quite different. The convolving

process could be done in the vertical direction to pro-

duce even more complex ambiguous images.
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DISCUSSION AND CONCLUSIONS

The work shown here has demonstrated that:
a) Factorable polynomials using unity power factors,
such as (u «+ an), result in smooth images which change
little apart from spatial shifts when ambiguous images
are generated; b) When greater than unity power factors

are used, such as (uY(n)

+ an), structured images can
result and the ambiguous images can be quite different
from one another; c¢) The concept of multiplication of a
polynomial by a factor is equivalent to convolution of
the image rebresented by the coefficients of the poly-
nomial, with a pair of delta functions. This concept
leads to the result that the starting function for gen-
erating ambiguous images need not be a factorable poly-
nomial but can be any non negative function. That is,
convolution of any starting function with appropriate
pairs of delta functions can lead to different images
which have the same autocorrelation function. An exam-
ple of four ambiguous images using the technique, shown
in Fig. 2, shows that while basic shape and structure
was the same for all images, considerable variation in

the internal brightness values occurred between the

images.

Images which are ambiguous are very specialized,
at least as generated by this technique. Such images *

may not occur frequently in practice. However, if

— . s - e g
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image reconstruction is made from the autocorrelation function,
the possibility of the reconstructed image being ambiguous should

be considered.

At the present there apparently is no theory available which
allows determination of whether a given autocorrelation function
is unambiguous, that is, whether -the autocorrelation function
could have been produced by only one non negative 1image.
Instead, the theory deals with the reverse of the problem:
methods of generating images which have either ambiguous or

unambiguous autocorrelation functions.

Perhaps the approach for now 1is to rely on the
reconstruction techniques themselves for answer to the question
of uniqueness. For a wide class of images, with and without
noise, do the techniques provide reconsﬁruction of the image
within limits set by resolution of the optical system and sensor
noise? Comparisons should be made to other image processing

approaches.

tas.
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TOTPFEHIN

Brightness

Figure 1. Two factorable functions having the same autocorrelation

function. 5 a . .
A factors: (u+1)5 (u4+5)(u4+5)(u +2)
B8 factors: (u+1)” (u +5)(u +.2)(u'+2)

flipped
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Figure 2. Ambiguous images having the same autocorrelation
function. Starting function was a pattern of seven dots arranged
as on a domino. Let f(u,v) be the polynomial (not factorable)
representing the starting dot pattern. The images are:

Top Left : f(u.v)(u7+2)(u]4+2)
Top Right : f(u,v)(u7+2)(u]4+.5)
Bottom Left : f(u,v)(u7+.5)(u]4+2)
Bottom Right: f(u,v)(u’+.5)(u'%+.5).

Original pattern:

O
%
OO
OO
—>»{ <14 pixels
—
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TABLES 1 to 25

These tables represent the brightness
values of two dimensional images made
from completely factorable polynomials
whose factors are of unity power.




—————————— e e 1 FOVUI QNI ——— e -

0000 't

*l 378Vl

0000 T 0000 T 0000 T 0000°'T 0000 T 0000°'T 0000°'T 0000°'T Q0001
S100¥A
0000 1 0000..1.. 0000 T 0000 T 0000 1. -0000 1 . -0000-3-—0000 T oooouﬁlimwmmmﬁrlll
.03 - ... 8F... 26 6B~ -BE-——BF—— B 1- - S
1 (3 oL 881 o€EE 96€E o€E es1 oc a1 1
9 oL 8lC . -0C8 8861 L84l — 8841 — 068 8IE—— 04 9
8t sat oes L9228 B896E E9LY B896E L9828 068 est 81
B . —OBE—-88bT B896E GCKEF - HEEB- -CbeF - —BFLE— -88Y1- OEE 26 ——
&€ 96E €841 29 YEEB 00001 HEEB E9Lb  GBLT  94E &E
— @ OBE— 88H1—-896E . GUL9 —-VEES — G¥69——BPEE——BBYT—— OEE— €
et 881 068 L922 896 E9Lt B896E (982 068 8Bl 81
S - SN V S - © T-S— -7-1- ST TS SE.T- V2 BU.- T § S-1-1o] 816 oL 5
1 et oL 881 ocE 96€ ote est oL et 1
o — 9 81 - 88 -— — &E&- 2e———8t 9 % o—
1 #39VWI av3y OL 1N0Eav
L = sjo04 LV

>

it . s e b




-17 -

-

1 39VMI AN3 —————-— ———— B s ‘

00002 0000200008 —0000-2-—0000-8—=0

0000 2 0000 2 0000 @ 0000 2 00002 0000 Z 0000 °E 0000 ‘2 00002 00002

= S100¥A

o o o o o o o o o 6 o — -
0 o o ) g 9 11 et 6 v o
o o 1 LGB 19 2Ol 43148 —6E £
o o L 6t 9e1 sac 9ve g9 a9y g0z 1
B GB—9E— 8L BFI b IbT——£BIE 0PI GBL ST
0 9 19 gze BYIT 9642 v66b 062G  LEGE 0641 OSE
—— 33 B0 PN R POEP £GP 0646 €96 FT6E BB
) €t L1 ce9 (812 0626 0GL8 0000F 006L EEEE 999
06— £8 a9y oY T——LELE—ES
) v 6E 8oz s2L 06L1 9162 EEEE ooz  IIlT  ZEE
- o e £ = 2 b1 ——0SE——EB86—999——00¢——EET trr—

1 #35vWI av3¥ 04 1noav

‘2 = 53004 L1V
"2 9L




- 18 -

J9VWI AN ~—-—- ——- :

llllllllll [ —— ﬁ
50002 0000 Z 0000 Z 00002 00002 000G O 5006 ‘0 000Z 0 ©000S O 000E D
= S100¥A
00002 D000 E— 00008 0000 2 - 0000 ‘Z--000G 00086000056 —0005- .
. = §100MN
0 o 2 & 93 o2 9 ——B——-B—- O - O
0 9 ce L01 @02 .62 808 &0t  GE 9 0
2 e Eel 166 -9ELL . -T6ET. GBI e EbI—— GE———E———
8 601 166 <081 2kvE  168v . ZvvE  £LOBY T &01 8 .tig
o1 803 92%1 EYPE 9869  L60B- 9665 — ByvE-- -9EIT - BOE et
0z Lc2 1681 162b  Le08 00001 L608 16Ev &€l L& OF

ey 9089231 ZYYE-- 9EGY - £60B -- 9S4 —BPYE— FEIE—@0Z- —FF—

8 601 168 (081 2YvE  163¢ EwyE  L08T 166 &01 8 i
e m ge o ELT— T6E GBI FeEF—HEH——Fee——E61 - €€ B
o 9 cE 601 goz 6@ 8o 40T GE 9 )
- ¥ o 22— —8-- 9y ———08 ——% =3 2 & -
t #30vWI av3y 0L LnoaEv

*2  318vL 03 adeduo)
*2/1 = s3004 30 2/1
+2 = 53004 30 2/1
"£ 39v1




-19 -

AOVHI N3 -——- -

~~ 50005 0000 & 0000 ¢ 0000 v 0000 ¥ 0000t 0000 ¢ 0000 ‘¥ 0000 v 0000 't

= S100¥A
 0000-b__ 0000 & 0000 ¥-— 0000 't - 0000 ‘¥..-0000 &—0000-+—0000-¥-—0000 ‘¥ —0008 §—
= S100M ;
0 ¥.? 0 o B s o o 13 0
o o o o o o 0 o o 0 o
- o o o o QO — o 3 —a— 2 o
o o o o o z L Lt 92 €2 6 4
o ¥, 0 o € Ye3 ! €6 32— 28— 89— F— -
0 o o 2 et 9L 3= €8¢ G448 LLL 11€
- ——0 0 o dee B LGB —OGE—— oI —T6E——BLEE —LEFT—
o o 1 L1 121 £8S Yol  vhvt L9999  F26E  OLEES
_ \o \¢ . . - ® . ..
o o 2 Ee 291 LLL 2662 9248 4BBB  20&L 0O91E
D Vot

© by @@ - — RVE——£EOT—OLEE—CEEE— O —¥ITF———

T #39vWI dv3y 01 1noav

*p = sjo004 LIV
‘v 378Vl




~ 20 -

i e o o

e n e R R

|||||||||||||||||||| 1 FOWWI GNI —-————=—msmmmss T

—~ e e
= T e - e m ——— — ——

3000 ¢ 0000 't 0000 't 6000 ‘v 0000 ¥ 0082 0 00820 00GZ ‘0 00GZ O mwwmmw

l.\xOOOOl.&l’OOOOquOOOO&é . 0000 ¥ -0000 .t“-«oonmugﬁlbgz\ibgmt%
= §100dN

‘a\es!gP\llﬁ\LP\t)\LkVt(x\1Lvszxing}tI\;hv:(l\ILwn, o 6 0 —9—
o o ® 61 &Y &9 X at v o o
-aalzthrssu||»l|tt\\bn|:4qzohas{:,nnwx;-,monusqlnncls\a0$a|:xsmmtns\tc\|qtmsonz||\lll
o at oLy 184 2002 9642 E002 184 0Lt 61 )
- E(t&oﬁe%.%-i%#‘ a———
> &9 809 9bLE  6E1L 00001 &St1L  96LE 809 &9 >
B &y KBV :moom;:zam«na\:mh«mlt:am«nza\moom‘a\mmvnlasmcln\)xmnrlua\tn
o 61 oLt 18L 200z 9642 2002  18L oLy 61 o
g«lxgvnxgru|¢i|1xs\$mi|x\}omﬁl\)tmm¢1\;1mzxr‘:|$xmvtlcxywvllnnnms‘ — &
) ) v 6t ot 69 ot 61 v o 0
— & ° a9 0 o- 2,
1 #39vH1 av3¥ 01 L1nOav

*p 3gyL 03 duedwo]d
“y/1 = $3004 30 2/
‘4 = Sjo04 40 2/t

S 318Vl




lllllllllllllllllll 1 JOVHI anN3

T0000'8 0000 8 0000 8 0000 '8 0000 m 0000 '8 000G '8 00008 0000 8 0000 '8

M = S100¥A
. 0000800008 00008 - 00008 - 0000 '8 --0000-:8—0000-8 —-0000 8-~ 0006-8—0088-8——
S100uN ’
o o o o o o o s o o- o !
0 0 0 0 0 0 0 ) 0 0 0
o o 6-——- 0. - -0 - -0 0 — 8 8 o o
4
) 0 ) 0 0 0 0 0 o ) 0
o o o o o o e 3 . A —
_ 0 0 0 ) 0 0 2 1 vE 19 &t
= - o o o———o- 0— - BBt OEE— —Otr —BBE———
_ 0 0 ) 0 v 1 9L 16E  vEOT G281  0OGT
o- o - & ve 052460+ —bFHE——G29G——0OGL— —
0 0 0 0 9 19 Ot €81 G296 00001 0008
o o o o 6 &b 826 ——008T—00Ck — - 0008—

I #30vHd1 avay 0L 1nogv

‘g = S7004 |V

‘9 378Vl




- 22 -

uuuuuuuuuuuuuuuuuuu 1 FOYWI ANI ~— e e e
0000 '8 0000 8B 00008 0000 '8 0000 '8 OG21 O O0S2f1 0 OSZ1 'O OC2Y 0 O0¢2l -0
= S1008A
- ---0000-8— 00008 0000-8. - 0000 '8 0000 '8 OCZ} ‘O--0CZI—-0—0GaI-0 0C2T-0—O0CBI—0—
= S100MN
o o Q o o o o o o o o
o o 0 1 v 8 v 1 o o o
o W SR TENNY Y S Y SUNY -V ST S o o
o T L1 It 019 1611  O19 Il <1 1 o
0 —— 4019 6B L3216 4393 — OV — £ 0— — \
o 8 £vT 1611 L2ZIC  0000FT LZ2IE 16171 €pt 8 o A
- o n CL— 0396298 —LBIG——629B—0FF— Bt — 4 o
o 1 L1 TvY 019  16IT  O19 16T £t 1 o
o o a3 £ EvT— €2 £% > o o
o o o 1 v 8 v 1 0 o o
o o o @ — e Qmm— o———0 o o o
1 #39VWI av3y 0L Lnoav

‘9 378v1 03 auedwo)
"8/1 = s3004 j0 2/
‘8 = sj004 jo 2/|

“L 378Vl




- 23 -

nnnnnnnnnnnnnnnnnnn 1 39VWI AN3 -————- ——— 1g

0000 91 0000 ‘9T 0000 ‘9T 0000 91 0000 ‘9T 0000 ‘9T 0000 ‘1 0000 ‘91 0000 91 mmmmmnu
=

——-0000-'91 000091 -0000-91--0000 -?1- 0000 "P¥- 0000 -93—0000-9I—0000-9%

L
L

Y« S

©

$ O
© O

© ¢ 0 ©

¢ O ¢ O o

o O

0
©
0
e

- O

]

SRS, Y . W
(o)

O- O
<

W o O © O ¢ ©

o
& 08—
1

o
n
[\]
o
-

h 0000 o b o o

9 O

-

o J; o © 0 & o J: o 0
® o
® o 0o ¢ O

8601 F06€E occo

{
(DO(DO&OOOIDOO
o)
1]
M
o
-4

¢ O

¢
& |- |68

P
¢ o
¢ o

¢

1 #30VWI av3y 01 1Nnoav

"9l = s3004 [V

‘8 319Vl




.24 -

-1 39vWI aN3 B

0000 ‘9T 0000 ‘91 0000 “91 0000 91 0000 91 SZ90 0 &Z90 0 €290 0 6290 0 €290 °0

= SL00¥A |
 0000.93_0000-91-0000-91. 0000 ‘91.-0000 ‘91-6290-0—6290-0—4270-0—E290~ : i
‘ = §100uN ]
o o o o o o ° o o o o— ! ]
0 0 0 0 o o 0 0 o o o !
o o Y — 9 g —9 o o .
o o 0 €% Lot 29e ~ cot €1 o 0 o /_ 4
o o s L0} €48 —£668—E48——£OF——F —o o S
0 0 2z 29¢  ©c6Z 00001 Gge2 B9E T2 0 o ) i
— o e £0F —— €48 —-GE6E—ELB——£OT—F o o .
o 0 0 £1 01 29 01 ER o 0 0 w
r o o o 5 a8 —=9 o o ° o
0 0 o 0 o o 0 o o o 0
o———6—6 o o -6 ° o o o o
1 #39vW1 avay 0L LNOEY
‘g 319yL 03 d4eduo)

g1/l = S3004 J0 2/1
¢g| = S3004 30 2/l

6 318Vl




- 25 -

||||||||||||||||||| \ J0vMI GN3 -~ - ——— ’

e+ —— PNt e e

0000 '2€ 0000 'EE Ooom ‘2€ 0000 "2€E 0000 ‘CE Oooomm 0000 '2€ 0000 'ZE 000 2€ mw%tmﬂ
. -

0000-2£-0000-T6- 0000-2£-0000 & -0000 ‘86 OOOOLlebOOOI.NMIOOOO\.&m

o 0 —0—O———0—9 o o——O—— 86— "
o o o 0 o o o o o o o
—0 o Q Q o o o o o o—
o ) ) o o o ) o o o )
o o o o o o o o -a- O
o o o o o o o o o o 0
o0 @ @O0 o——© o-—
o ) o o o 0 0 0 1 1 9e
o—— o——0 o——-6— & 3 St ——— BBV —
o o 0 o o o o 13 (E1  9L6  &TIE
— o o a;t:1||Av;t;s|sou\ltt‘miltlnnamr1\11¢m¢w|sinm*mnxxAxxawﬁlnily
T #35VWI avay 0L 1No8aY

2 = S3004 LY

‘01 379vi

il

L W




% 39Vl aN3 -_—
- 0000 ‘ZE 0000 'ZE 0000 ZE 0000 ZE 0000 'ZE £IE0 0 €E€IE0 0 EIE0 0 ETIE0 0 EIE0 O '
= S100Y¥A P
0000 ZC-0000_2E-0000-2E 0000 '2€-0000 '2€- £IE0-0-—E380-0-—E€1€0-0 - ETED '0—E¥60-0— 4
= §100UN 3
b
I - o o o o 0- o - o o o 4
£
o o o- o o o o o o 0 o 3
o o -0- Y- YUY . S— X o 7 o--  — @ ——Q———— ;
o o o} o »1 s vt o o o (] m
S o o ol 4EB Ol 22— ¥ — 0 —O0——O0—— / :
o o 2 c6 OvStT 0000 O¥eT &b 2 o (o) -. 3
R.v O o -0 *Tllbﬂ“ll'@tﬂ.a\lim. ca——9F———0- 0— - {.1
7._ o o o o vi c6 bt o o o o
, o 7. o © o 3 0 -0 o
| o o o o o 0 o 0 o o o ;
_ o o —0— v o -0 o o o 0— o
{
! 1
m t #30VKMI av3y OL inoav
w
| i
|
: ‘01 378vL 03 d4edwo)
-2¢/1 = s3004 0 2/1

*2€ = S3004 30 2/1

Y

Lt 378Vl by




PR

- -1 _ 39VWI QN3 _—
0000 ¥9 0000 9 0000 b9 0000 9 0000 ‘9 0000 +9 0000 '+9 0000 +9 0000 +9 mmmmmno
t 4
- _0000_$9 0000 ¥9 0000 +9 -0000 '¥% -0000 '¥9 oooo.eo-oooOLvofooooueo-ooooLtonmmmmmmo|||n
o o o o o o o e 60
0 o 0 0 0 0 0 o 0 o o
o o o o o o o o o o o
o o 0 0 0 o o o 0 o o
© o o - o o o o o o o - \
' o o 0 o o o o o o o o -
~ o o o o o o 0 o o o o — |-
' 0 0 0 0 o o 0 o 0 0 v
o o 5 o o o o o : £3 O——— 3
0 o 0 o o o ) o L1 vve 2961
- o o o 94— 06— 90— @0 % O E9CI——O000F——
_ 4
1 #39vMI av3y 0L LNOAY

*$9 = S3004 ||V
el 378Vl

i
{




s e TP

—————— -1 FOVWI ONI ————ommm e m e e —— ;

o oveb 4 3%,

0000 "'¥9 0000 ¢+% 0000 'v? Q000 ‘¥ 0000 ¢+ 95100 <9SI0O'0 9CI0O'0 95100 MW%!M {

~0000- 430000690000 ¥9. 0000 '¥9--0000 ¥9-9C 10-'0—-9G10-0—-9G 60— 9630036300 ——
| =
m o o o 0 0 o o o o o
o o Q o 0 o o ) o o )
-—0 .\ Y JOSY . S . o o o o ¥ .
o o o o t vz 1 o o o o J_
— o 0 o 3 09 @4z — 09 3 o O e
o o o ve 844  0000% BLL V& o o 0
' ——0 o e S - SRV Y -1 30— o
Q
. 0 o o o 1 va 1 o o o o
Py o o o o o- o o 6 —
o o o o’ o o o o o o 0
Y- U - U - G- U . SN SUNSSY: SIUNEEY : SN SRR S
T #30vWHI av3y 0L 1NOav
21 3N8yL 03 ausedwo)

"¥9/1 = 53004 jo 2/|
"¥9 = sjo04 jo 2/}

€L 378Vl




- 29 -

— -—1 EL T O e ———
_0000 01 _Q000 & 0000 8 __0000.°L_ D000 9. 00006 __0000 ¢+ 0000 € 0000200001
= S100Y
0000 'O 0000 ‘4 0000'8 0000 L 0000°'9 0000 G 0000 't 0000 'E 00002 0000l
0 o o 0 o 0 o 0 0 o 0
) o o o ) ) o o 0 o ()
o o o o o o o o 1 o o
0 ) o o 0 1 € 6 13 13 v
o 0 o o 4 8 £e 18 eet £0t cEe
) o ) o 1 8 os 681 99p LOL 685 102
o o ) € (> 681 yavi 99L1 &.92 EE€22 2L
) k) 0 6 18 99¢ 9941 BYEYL . 669 GebC  9LBI
o o T '3 ezt L0L 6492  ¥669 00001 +HEEB  GvBE
0 0 0 it €ot 686 ECZZ ¢c6P8 HEECB8 Fve9  TLEZ
) o o v ce 102 -1 ¥ 9481 cvBZ .82 608

#30VI av3y 0L 1NDav

‘0L 03 L “S3j004 Bupseaaoup AJesulq

bl 318Vl

PR

[P X, 3



- 30 -

- 0000010000 6000080000 £ - 0000 ' -—0008-0-—0068-0-—€

OVWI AN —mmmmm e mm e — e e

£EE-0—0006—0—0000F%——

= S100¥A
0000 ‘0T 0000 ‘6 00008 0000 'L 00009 0002 0 O00SZ O EEEE 'O 000G 'O 0000 '%
o o o o o o ) o o o o
o o o o 1 e £ z o o o
o o ‘o £ 61 16 99 eV v1 2 o
o ) € ce cLt z9v  L66  B8BE  OET 1z T
o 1 61 c/1 998 6222 E¥62 91T €49 901 9
) o z 1g =ob 6422 1009 ZbZL t¥0S  $691 L2 L1
o > 99 c6e  E€v62  LbiL 0000 ZI6®  L812 O9E  ET
0 z ev gec 9167 vb0§ E169 oOver 2yl vEE  6F
o o 1 OET  E¥9 691  LBIZ  ¥2pT 8LV ©L s
o o z iz 901 6l2  09e e  BL £1 o
(0] (o) 0o L ¢ 9 L1 €c (= § e (o] 0
1 #39vWI avay 0L Lno|Yy

‘b1 37gVL 03 a4edwo) -paddiil JleY IS4LS
‘0L 03 | *S3004 Buiseaadu} Ajdesut]

‘SL 318Vl

y:
i i Bt b

PO,

PO




- 31

nnnnnnnnn SR 39vWI ON3 R
= S100¥A P
0001 ‘0 T1T1°0 OGET 0 &ZbI°0 L9910 O000'S 0000 ¥ 0000 € 0000 Z_ 0000 ' g
S0EUN—— :
El
o o s oy €2 L1 9 T o o o S
o €1 8L vez  09€ &2 901 12 z ) o ;
< 8L 8.y b2yl  LBIEZ 691 Eb9  OET ¥ o o K
X} vez  s2yi  Ovzb  Z1e5  vv0S 916t 88E £ 2z o o
ce o9e (812 =189 00001 LvLL EV6E L6 99 € o !
Iz elz 691  Sb08  LviL 1009 6LBE @9 16 z o /,, L
9 90t  Ev9 916t EveT &2 998 €L1 &l v o 1
1 1z oet 88c 466 @t  SL1  SE € ) o - 1
o 2 '3 €Y 99 14 61 € o o) o
) o o z € 2 1 o 0 o o
o 0 o 0 o o o o 0 o o
1 #39vW1 av3y OL L1noav ;

‘pl 37QYL 03 d4edwo) -paddil} JLeY pu0ddS
‘0L 03 L “S3004 bupseasout Aaeaut

91 374Vl

L it e sl

~



- 32 -

00 '00T$ 0000 ‘06 0000 08 000G ‘0L 0000 09 0000 ‘06 0000 'Ot 0000 -

A
0E 0000 '0Z 0000 Of

= S+00UA———

o o o ) o o o 0 o o o

) o o o 0 0 0 ) 0 0 o

0 ) 0 o o 0 o o o o o

) o ) ) o o ) 0 0 0 0

(o] O (o] (0] (o] 0o (o] o) 0 (o) (o)

o o 0 0 o o o 0 0 0 o

o ) 0 o 0 o o o o o o

o ) ) o o ) ) o ) 9 €2

o ) o o o o o o 2t 2ot 16€

0 ) ) ) o o o 9 2ot 68 6262

o o o o o o o £z 16€ 6262 0000t
1 #39vWI av3y OL 1Noay

‘00l 03 Ol ‘s3ood Su)seaaou) Ajaesul’]

*L1 38wl

ta il.[ll’.b;wkl,l'.

NPV S SN SER




- 33 -

uuuuuuuu - 1 . JOVWI QN3 —

-—---00-0018-0000-06-0000 '08 0000 '0L Q000 - 09 -00€0 '0---0620-0-—-ECEH-'6- 0060 0—O000+—0——

= 5100V
00 '00T¢ 0000 '06 0000 '08 0000 ‘0L 0000 '09 Q020 0 08200 E£E£0°'0 00800 0001 O
-S5+D0¥A———

0 0 0 o o o o 0 o 0 o
0 o 0 0 0 o 0 o o 0 0
0 o (o) 0 0 o o o 0 0 0
o o o) o ¥ 91 € o 0 o) o
o 0 o T ov ove 124 It o o 0
o 0 0 ?1 ov9 0000 @&9ce  ¢81 ? 0o o
0O 0 o 1 12 A coee 118 134 1 o o
o o 0 0 I 141- 14 it .€ 0 o o
0 o o 0 o 9 | ¢ o 0 o o
o) 0 0 o 0 o o 0 ) 0 o
o 0 o o o o o o o o 0

I #39VWI av3y 01 1NO8Y

*ll 3718yl 03 adedwoy “-paddiil Jiey 3s4l3
‘001 03 01 °S3004 Bulseaadul AlJesu}

‘gl 378yl

e . ) -




- 34 -

JOvWI N3 ——————- S

= SL00HA

01000 1100°0 GZI0'0 E€610°0 <9100 0000 '0G 0000 'Ot 0000 ‘O€ 0000 OZ 0000 "OF

—5+B8HA———
) ) 0 o o 0 o o o o o
) ) o o o ) ) 0 o o 0
o o o o T L o o o ) o
o o ) € 2y cst ) o o ) 0
o ) 1 zv vig gesz  zot 1 o o o
) ) Z cat 8922 OOOO1 26t Z o 0 o
0 ) o 8 201 zZct oz o ) o o
) [ ) 0 1 L o o o o o
o o o o o 0 o o 0 o )
) o ) a 0 o o 0 0 o 0
0 0 ) 0 o 0 0 0 o 0 )

1 #39vWUI Qv3N OL LnND8Y

“J1 18yl ©3 aJedwoy -paddiil ji%Y puoIas
‘001 03 01 “S3004 Bupseasdut Ajaeaul)

61 318yl




- 35 -

100008 8929 'C 0000 —.

FOVUWI AN3 —~ e

S100¥N

¥£29 22 0000 91 LETEIT 00008 899G 0000’y $BZB'Z 0000 2viyT_ 0000 1
o 0 0 o o 0 0 0 0 0 o
0 o o o o 0 o o ) o o
o 0 0 0 0 0 0 0 0 0 o
o o 0 0 0 1 v o1 b1 o1 £ )
o 0 0 0 1 T 2v 66 LET 101 OF
0 0 0 1 T 89 ecz 009 828 219 cet
0 0 0 v 2y 862 1.6  6G22  9IIE  GOEZ  L&9
0 0 ) ot v 009 462z 8626 162Z t9£6 2291 -
0 0 0 1 LE1 828  9IIE  IGZL 00001 B6EL 9E2Z
0 ) 0 o1 10T 219  GOEZ 966  B&EL €408 4G9t
0 0 0 £ oe 88T 169 2291 9EZ2  bS91 006

#30VWI av3y OL

iNnoav

sda3s g4 ‘s3o0u4 Burseaasup £i|erjuauodxy

‘02 318Vl




1’ " - T T T

- - TTT 39vWI an3
o $429-22 0000-9% LEIE- 1T .0000 ‘8. @ICY ‘¢ -00CE- 0 —CECE-0 0006 ‘0 I£04 0—O0000—F—— -
= S100¥A j
vL29 ‘22 0000 ‘9T LEIE (T 0000’8 8967 € O0SE O GCESE'O 0006 'O T1L0Z°0 00001 _M
:
o o o o o o o o o o o y
) ) o ) o ) o o o ) ) w
o o o o € 21 oz Ly ) 1 o ]
o 0 0 L 9 0571 v92 vee 66 1§ 1 / 1
o o > oy 21e 1201 L9417  L&bT €99 9l 21 I
' ) o 21 091 1,01 2496 0909 2EIc 0822 106 2
3 o o oz v92  L9L% 0909 O0000T 6&9v8 29LE 128  OL
. o o Z1 vZZ  Lb6bY  BEIC  69YB  ELVL 98IE  00L &6
o o L 66 €99 0822 29L€ 98IE CIv¥T  TIE 92
) o ) S T- T 106 (28  00L 1tIE 89 S
o o 0 1 21 2b oc 6¢ 92 g o
1 #39VWI aQv3y OL L1NOav

*02 318vVL 03 a4avdwo) -paddiis jLey ISALS i
“sdays gs €s300u4 Bupseaasur A eijuauodx3y

‘1e 118yt *




lllllllllllll ————— ] JOvIWI dN3

-

u‘mhoaz .

25400 _C290-0—_$880-0-06Z1-0. 894} ‘0 0000-b—#B38-2—00600-2~-Shit

2¥b0°0 €290°0 8800 OGZT 'O B9LI O 0000 v v828°'2 0000 2 2vitr 'T_ 0000 % .
:
0 s 9z 68 os 2v 21 1 ) o o m
c 89 11E  00L /28 106 9%l 12 1 o o M
92 ITE  GIvl 98IE 29LE 0822 G99 66 L o ) g
66 00L  9BIE 2414 69b8 2E1&  L6b1  vB2 L% o o |
o¢ (28  29.LC &9p8 00001 0909 L941 92  OZ o o A
zv 106 0822 GcEIE 0909 &L9E 1201 091 z1 o )
21 ot €99  L6HT L9417 1408  ZIE 9% > o o
% 1 12 66 vZ2 992 09t Y L 0 o o
. o T L Lt oz 2t € o o o o
o o o o o 0 o o 0 o 0
o o o o o 0 o ) 0, o o
1 #39vWI Qvay OL 1n0av

02 319yL 03 3uedwo) -paddiys j{ey puodds
*sdays 24 ‘sjoou Burseasoup Ajjerjuauodx3

*¢¢ 318vl




- 38 -

S 39wl an3

. 00336800 .
= S100¥A k
00 ‘216s 00 ‘9Z¢ 00 ‘B2ts 0000 ¥ 0000 'ZE 0000 ‘9T 0000 8 0000 ‘v 0000 2 0000 ‘1 m
]
o 0 o 0 o o 0 0 0 0 0 m
"o o 0 o ) 0 0 ) 0 0 ) -5
o 0 0 o o 0 o o o o o 3
0 0 0 0 0 o 0 0 o 0 o o
o o o 0 o o 0 o o o o / ;
o o 0 0 o o o € ot a1 L I
o) o o o o o 9 Lt 997 osz gzt l.
o o o o 0 £ < LY 8e€E 0921 E€&BT L6 ‘
0 0 ) o 0 ot 991 0921 L2y vE99  OEEE
0 0 0 0 0 Gt ose €681 699 00007 &0OS ’
o o o 0 o Y2 gzt L6 OCEE €008 €062
1 #39vWl a@v3y 0oL 1n0av A

-sdays 2x *sjoou buiseaaduy K| Letjuduodxl

‘€2 31avi




s

-39 -

JOVYKRI NI ——~ e e -

..~-00.:21C% 0092600 '821l¢ 0000 '¥3 0000 Nﬂ $290 : O(--.Onthlc,.\oogblﬁoog ‘0 -0000——3-——

= S100NA
00 ‘21Ces 00 ‘98¢ 00 '83Ts 0000 v9 0000 C€ G220 0 O0OGET 'O 0062 0 000G Aw‘l 0000 't
o 0 o 0 o o 0 0 0 0 0
0 0 0 0 0 0 0 o 0 o 0
0 0 o 0 0 0 0 0 0 o o
) ) o o o £ g £ o ) o
o o o 0 6 €2t 21 et 4t v 0
o 0 o £ €41 beOE €966 OOVE 2y8 €8  E B
o 0 o c Z1E  £9¢6 00001 2119 +&I&T 06T ¢
0 0 0 £ 1ot OObE 2119 966 626 26 z o
0 o 0 o Ly 2v8  bIGT Sz  s22 @2 0
o o o o s e oSt 26 ze z o
o 0 0 o 0 z v 2 0 o 0

#39VW1 avay 0L Lnosv

€2 319YL 03 suvdwo)l °paddiiy JleY 3IS4L3
*sdajs 2x *s3004 Bupseausdu} Aj|erjusuodxy

‘v2 18yl




61000 6E00°'0 BL00 0O 96100 €I1€0 0 0000 9T 0000’8 0000°¢ 00002 0000 T

Y W

-G HDBUA———
) 4
o o o z v 2 o o o o ) M
) 2 ze 26 oct ) v o o ) ) s
o 2z 6ee s26 vict z2ve LY o o o o 3
2 26 626  9ELE 2119 OOYE 168 £ o ) o
v 0s1 $1ST  2T19 00001 €96€ 2Z2IE € o o o /
2 €8 Zv¥8  OOFE  E£9G6C  v60E  ELT € ) o o i
o ¥ TS 161 21 €£1 & o o o 0
- o ) o € S € o o ) ) ) .
v o o o o o o o o o o 0
o ) o ) ) o ) o ) ) )
o o o 0 o o o o 0 o o
1 #39vM1 av3y OL 1nOgv

‘€2 318yL 03 a4edwo) “-paddi|j jLey puodas
W +sda3s 2x *s3ooa Bupseausou} A|jeijuauodx3y

*62 378Vl




-4 -

REFERENCES

J.R. Fienup, "Reconstruction of an Oﬁject from the
Modulus of its Fourier Transform" Optics Letters,

Vol. 3, p. 27, July 1978.

David L. Fried, "Ambiguity in Image Extraction
from Speckle Measurements Using Non-regativity",
Report TR-369, Optical Sciences Company, P.0O. Box

446, Placentia, Ca. 92670, March 1980.

Yu.M. Bruck and L.G. Sodin, "On the Ambiguity of
the Image Reconstruction Problem"”, Optics Communi-

cation, Vol. 30, Number 3, September 1979.




